Abstract. Suppose that G is a finite, connected graph and X is a lazy random walk on G. The lamplighter chain X associated with X is the lazy random walk on the wreath product G = Z2 G, the graph whose vertices consist of pairs (f , x) where f is a {0, 1}-labeling of the vertices of G and x is a vertex in G. In each step, X moves from a configuration (f , x) by updating x to y using the transition rule of X, and if x = y, replacing fx and fy by two independent uniform random bits. The mixing time of the lamplighter chain on the discrete torus Z d n is known to have a cutoff at a time asymptotic to the cover time of Z d n if d = 2, and to half the cover time if d ≥ 3. We show that the mixing time of the lamplighter chain on Gn(a) = Z 2 n × Z a log n has a cutoff at ψ(a) times the cover time of Gn(a) as n → ∞, where ψ is a weakly decreasing map from (0, ∞) onto [1/2, 1). In particular, as a > 0 varies, the threshold continuously interpolates between the known thresholds for Z 2 n and Z 3 n . Perhaps surprisingly, we find a phase transition (non-smoothness of ψ) at the point a * = πr3(1 + √ 2), where high dimensional behavior (ψ(a) = 1/2 for all a > a * ) commences. Here r3 is the effective resistance from 0 to ∞ in Z 3 .
1. Introduction 1.1. Setup. Suppose that G is a finite, connected graph with vertices V (G) and edges E(G), respectively. Let X (G) = {f : V (G) → Z 2 } be the set of markings of V (G) by elements of Z 2 . The wreath product Z 2 G is the graph whose vertices consist of pairs (f , x) where f ∈ X (G) and x ∈ V (G). There is an edge between (f , x) and (g, y) if and only if {x, y} ∈ E(G) and f z = g z for all z / ∈ {x, y}. Suppose that P (x, y) is the transition kernel for a lazy random walk X on G. That is, P is given by (1.1)
The value of f z for all other z ∈ V (G) remains fixed. We refer to the f x as the state of the lamp at x. If f x = 1 (resp. f x = 0) we say that the lamp at x is on (resp. off); this is the source of the name "lamplighter." Note that the projection of X to G evolves as a lazy random walk on G. It is easy to see that the unique stationary distribution of X is given by the product measure π (f , x) = π(x)2 −|G| where π is the (unique) stationary distribution of P and |G| = |V (G)|.
The purpose of this work is to determine the asymptotics of the total variation mixing time of the lamplighter walk on a particular sequence of graphs. In order to state our main results precisely and put them into context, we will first review some basic terminology from the theory of Markov chains. Suppose that µ, ν are measures on a finite probability space. The total variation distance between µ, ν is given by The -total variation mixing time of a transition kernel P on a graph G with stationary distribution π is given by (1.3) t mix (G, ) = min t ≥ 0 : max
Throughout, we let t mix (G) = t mix (G, 1 2e ). Lazy random walk on a family of graphs (G n ) is said to exhibit cutoff if (1.4) lim n→∞ t mix (G n , ) t mix (G n , 1 − ) = 1 for all > 0.
For each x ∈ V (G) let τ (x) = min{k ≥ 0 : X k = x} be the hitting time of x. With E x the expectation associated with P x , the maximal hitting time of G is given by t hit = t hit (G) = max
and the cover time of G is t cov = t cov (G) = max
The mixing time of G was first studied by Häggström and Jonasson in [HJ97] in the case of the complete graph K n and the one-dimensional cycle Z n . Their work implies a total variation cutoff with threshold 1 2 t cov (K n ) in the former case and that there is no cutoff in the latter. The connection between t mix (G ) and t cov (G) is explored further in [PR04] (see also the account given in [LPW09, Chapter 19] ), in addition to developing the relationship between t hit (G) and the relaxation time (i.e. inverse spectral gap) of G , and the relationship between exponential moments of the size of the uncovered set U(t) of G at time t and the uniform, i.e. ∞ -mixing time of G . In particular, it is shown in [PR04, Theorem 1.3] that if (G n ) is a sequence of graphs with |V (G n )| → ∞ and t hit (G n ) = o(t cov (G n )) then (1.5) 1 2 (1 + o(1))t cov (G n ) ≤ t mix (G n ) ≤ (1 + o(1))t cov (G n ) as n → ∞.
By combining the results of [DPRZ06] and [Ald91] , it is observed in [PR04] that t mix ((Z 2 n ) ) has a threshold at t cov (Z 2 n ). Thus, (1.5) gives the best universal bounds, since K n attains the lower bound and Z 2 n attains the upper bound. In [MP12] , it is shown that t mix ((Z d n ) ) ∼ 1 2 t cov (Z d n ) when d ≥ 3 and more generally that t mix (G n ) ∼ 1 2 t cov (G n ) whenever (G n ) is a sequence of graphs with |V (G n )| → ∞ satisfying certain uniform local transience assumptions. This prompted the question [MP12, Section 7] of whether for each α ∈ ( 1 2 , 1) there exists a (natural) family of graphs (G n ) such that t mix (G n ) ∼ αt cov (G n ) as n → ∞. In this work we give an affirmative answer to this question by analyzing the lamplighter walk on a thin 3D torus. Finally, bounds for the relaxation and uniform mixing times are respectively obtained in [KP12] and [KMP11] . 1.2. Main results. Fix a > 0. We consider the mixing time for the srw X k , k ∈ N, on the lamplighter group based on the 3D thin tori G n (a) = (V n , E n ) = Z 2 n × Z h of size n × n × h, where h = [a log n]. From the main result of [DPRZ04] we know that the cover time of the 2D projection of srw on G n (a) to Z 2 n is given by t cov := 3 2 t cov (Z 2 n ) where t cov (Z 2 n ) := 4 π n 2 (log n) 2 (1 + o(1)) (where the factor 3 2 is due to the lazy steps of walk in the h-direction, which occur with probability 1 3 ). Let r 3 denote the resistance 0 ↔ ∞ for the srw in Z 3 . That is, r 3 = 1 6q , where
and T 0 denotes the return time to zero by srw in Z 3 (see [LPW09, Proposition 9 .5] for the relation r 3 = 1 6q and an explicit formula for q). Setting hereafter (1.6) φ := πr 3 a we prove the following theorem in Section 2.
Theorem 1.1. The cover time t cov (a, n) of G n (a) by srw is given by t cov (a, n) = (1 + o(1))C(a, n), as n → ∞ where (1.7) C(a, n) := (1 + 2φ)t cov and φ is as in (1.6). , respectively, for t mix /t cov ; recall (1.5). The threshold 1 + √ 2 is where t mix /t cov obtains the Peres-Revelle lower bound.
Our main result establishes cutoff for srw {X k } on the lamplighter group based on G n (a) and determines its location as a function of the height parameter a. Theorem 1.2. Total-variation cut-off occurs for {X k } on G n (a) at Ψ(φ)t cov , where
In particular, t mix = (Ψ(φ) + o(1))t cov .
Comparing Theorems 1.1 and 1.2 we see that the ratio between the mixing time of {X k } and the cover time C(a, n) of the base graph by the srw {X k }, monotonically interpolates between the fraction of the cover time necessary to mix in two dimensions (ratio 1) [DPRZ04, PR04] and fraction in three dimensions (ratio 1/2) [MP12] . This gives an affirmative answer to the first question posed in [MP12, Section 7] .
We note in passing that for all φ > 0 the value of t mix /t cov → Ψ(φ) is bounded away of its trivial bound 1. The latter corresponds to the mixing time for lamplighter group on the 2D torus of side length n that corresponds to the base sub-graph (x 1 , x 2 , 1) of G n (a) (which as shown in [PR04] coincides with the cover time t cov (1 + o(1)) for the corresponding (lazy) 2D projected srw). However, when φ ≥ √ 2 + 1 asymptotically t mix matches the elementary bound t mix ≥ (1+o(1)) 2 C(a, n) (see (1.7), and [LPW09, Lemmas 19.3 and 19.4]), which applies for the lamplighter group on any base graph having maximal hitting time which is significantly smaller than the corresponding cover time.
The mixing time of X = (F , X) is dominated by the first coordinate F since the amount of time it takes for X to mix is negligible compared to that required by X . We can sample from F (t) by:
(1) sampling the range C(t) of the lazy random walk run for time t, then (2) marking the vertices of C(t) with either 0 or 1 by i.i.d. fair coin flips. Determining the mixing time of X is thus typically equivalent to computing the threshold t where the corresponding marking becomes indistinguishable from a uniform marking of V (G) by i.i.d. fair coin flips. This in turn can be viewed as a statistical test for the uniformity of the uncovered set U(t) of X. That is, X (t) is not mixed for as long as U(t) exhibits some non-trivial systematic geometric structure, thereby our work is connected to the literature on the geometric structure of the last visited points by the random walk [Bel13, BH91, DPRZ04, DPRZ06, MP12, MS13].
We next provide a variational formula for Ψ(φ) of (1.8), whose interpretation in the sequel shall explain the asymptotic structure of U(st cov ) by the srw on G n (a) and shed light on the relevance of Ψ(·) to the mixing time. 
and the convention that b 1 (z) = −∞1 {z =1} . Then, Ψ(·) of (1.8) emerges from the following variational problem:
The conditions b ρ (z) ≥ 0 and α ρ (z) ≥ ρ are then re-expressed as tz ≥ t − (1 − ρ) and tz ≥ h(ρ), respectively. So, with the optimal choice being z = z := 1 − (1 − ρ)/t, it follows that (1.10) holds if and only if t ≥ t . That is, Ψ(φ) = t 2 . Further, considering at t = t the optimal z = h(ρ)/(h(ρ) + 1 − ρ), yields the identity (1.11). Finally, in (1.12) the optimal choice is ρ = ρ = ( √ 2 − 1)φ, but in case φ ≥ 1/( √ 2 − 1) it is out of range and one needs to settle instead for ρ = 1. One easily checks that h(ρ ) = φ/ √ 2, while h(1) = φ + 1/2, hence with t monotone increasing in φ it it easy to confirm from the preceding that t 2 = Ψ(φ) is given by the explicit formula (1.8), as claimed.
The functions α ρ (z) and b ρ (z) control the structure of set of points in G n (a) that are not visited by {X k , k ≤ st cov }. Indeed, for any ρ ∈ [0, 1] we associate with each x ∈ G n (a) a type z ∈ [0, 1] according to the number of excursions of the srw, by time st cov , across the 2D cylindrical annulus of radii M hn ρ and M 2 hn ρ , centered at the 2D projection of x. Our parameters are such that for n → ∞ followed by M → ∞, with high probability about n 2bρ(z)+o(1) of the n 2(1−ρ)+o(1) such annuli are of z-type and points x ∈ G n (a) well within each such z-type annulus, are unvisited by the srw with probability n −αρ(z)+o(1) (c.f. Remark 5.13, detailing this in case of ρ = 0).
When upper bounding t mix in Section 3, it thus suffices to consider only admissible types, namely, to assume b ρ (z) ≥ 0 for all ρ (see (3.5) for the way we do it), and by (1.10) the discrepancy of about n −αρ(z) between the fraction of lamps which are off and those which are on within each such annulus, is then buried under the inherent noise level of n −ρ , as long as s > Ψ(φ). However, upper bounding t mix is technically challenging since it requires sharp control on exponential moments of the size of the unvisited set corresponding to each z-type. Reducing this first to somewhat sparse sub-lattice A of G n (a) allows us to further prove that the approximate independence of the corresponding Bernoulli(n −αρ(z) ) variables applies for ρ = 0, even in terms of tail probabilities (see Remark 5.13), which by careful extension of the concept of z-types to the annuli profiles z
. . , L, allows us to control aforementioned exponential moments (even though at any ρ > 0 the corresponding Bernoulli(n −αρ(z) ) variables are no longer asymptotically independent).
The lower bound on t mix is proved in Section 4, based on the dual representation (1.11) of Ψ(φ). Specifically, it tells us that for any s < Ψ(φ) there exist admissible types ρ, z ∈ (0, 1) (such that b ρ (z ) ≥ 0), for which α ρ (z ) < ρ. Approximating such ρ by ρ k := [ρL]/L, the maximum discrepancy at time st cov between "off-lamps" and "on-lamps" over large enough (and spatially well separated) collection A 2D,k of 2D disjoint cylinders of radii hn ρ k , far exceeds its value under the invariant (uniform) law for the srw {X · }. Consequently it serves as a suitable statistics for distinguishing between the law of the lamplighter group at that time and its invariant law. Remark 1.4. When proving the lower bound on t mix in Section 4, we note that the most likely way to have type z(0) = z at the O(h) size 2D annulus corresponding to ρ = 0, is via the profile z(ρ) = 1 − (1 − ρ)(1 − z) (which linearly interpolates between z(0) = z and z(1) = 1). For each ρ, z ∈ [0, 1] there are then about n 2(1−ρ)b 0 (z)+o(1) such disjoint annuli of radii O(hn ρ ) and z(ρ)-type. However, we find there that such profiles are highly unlikely for the set of unvisited points of G n (a) by time st cov (which is why for upper bounding t mix one needs to control large deviations of all possible z(·)-type profiles). The Gaussian Free Field (in short gff), on finite, connected graph G = (V, E), with respect to some fixed v 0 ∈ V , is the stochastic process {η u } u∈V with η v 0 = 0, whose density with respect to Lebesgue measure on V \ {v 0 } is proportional to
where we used u ∼ v to denote {u, v} ∈ E. An important connection between gff and the srw on G is the following identity (see for example, [Jan97, Theorem 9.17]):
Here R eff (u, v) is the effective resistance between u ∈ V and v ∈ V in the electrical network associated with G by placing a unit resistor on each edge {u, v} ∈ E(G) (and we sometimes use R G eff (u, v) to emphasize the underlying graph G, in case of possible ambiguity). Our proof of Theorem 1.1 relies on the following relation between the cover time t cov (G) of G by srw and the maximum of the corresponding gff.
In light of the preceding theorem, the key to the proof of Theorem 1.1 is an estimate on the expected supremum for the associated gff. To this end, we start with few estimates of effective resistances assuming familiarity with the connection between random walks and electric flows (see for example [Lyo09, Chapter 2]).
Lemma 2.2. Let {X n } denote the srw on the graph G = (V, E) started at some o ∈ V , independent of the Geometric random variable T . Then, there exists a current flow θ = {θ u,v : {u, v} ∈ E} with unit current source at o, current p v := P[X T = v] reaching each v ∈ V , and the Dirichlet energy bound
n=0 1 {Xn=u,X n+1 =v} , for each u, v ∈ V . Then, due to the memoryless property of Geometric random variables, clearly
Thus, the current flow θ u,v := t( u − v ) on (u, v) ∈ E, together with external unit current into o, results with current p v reaching each v ∈ V . Furthermore,
, and is at most one at u = o.
We will also need the following claim. Proof. Let V + = {v ∈ V : ρ v ≥ 0} and V − = V \ V + . By assumption on ρ, there exists a function w :
So in particular we have v∈V
be an electric current which sends unit amount of flow from v to u (so in particular
, by our construction of w(·, ·) we see that θ ∈ Θ. It remains to bound the Dirichlet energy of θ. By Cauchy-Schwartz inequality, we get that
completing the proof of the lemma.
Lemma 2.4. With R eff (·, ·) denoting effective resistances on G n (a) = (V n , E n ), we have that for all x, x ∈ G n (a),
. Furthermore, for x = (y, 0) and x = (y , 0) where y, y ∈ Z 2 and y − y Z 2 n ≥ 2a log n, we have
Proof. Fixing arbitrary x, x ∈ G n (a) we establish (2.4) upon constructing a flow of 1+o(1) current from x to x whose Dirichlet energy is at most 2r 3 +1/(aπ)+o(1). To this end, for {X n } a srw on G n (a) and an independent Geometric random variable T of mean (log n) 4 , let
, and p [i] := v∈Z 2 n ×{i} p v (namely, the probability that the "vertical" coordinate of X T is at i ∈ Z h ). We claim that
In order to see the lower bound in (2.6), we note that the random walk is the same as a random walk in Z 3 in the first h = [a log n] steps, during which period the expected number of visits accumulated at x is already 6(r 3 + o(1)). Setting N = (log n) 5 , since E(T 1 T ≥N ) → 0, we get the matching upper bound upon showing that
To this end, with A denoting the event that simultaneously for all h ≤ t ≤ N , the number of vertical steps made by the srw up to time t is in the range (t/10, t/2), we clearly have that P[A c ] ≤ (log n) −r for any r finite and all n large enough. Therefore
with the term
upper bounding the probability of the srw returning at time t to its starting height (referring to its vertical coordinate), and O(1/t) bounding the probability of its 2D projection returning to the starting point, respectively (we obtain their independence upon conditioning on the number of vertical steps the srw made up to time t). Combined with (2.7), this completes the verification of (2.6). Now, by (2.6) and Lemma 2.2, there exists a unit current flow θ (x) out of x, with current inflow of p v into each v ∈ G n (a) and
Setting
we have by the same reasoning a unit current flow θ (x ) out of x , with current inflow p v into each v ∈ G n (a) and
Furthermore, by time T which is concentrated around ET h 3 , the vertical component of {X n } is so nearly uniformly distributed that (2.10) max
so there exist zero-net current flows on the sub-graph Z 2 n ×{i} of G n (a), with outflow ρ i p v and inflow ρ i p v at each v ∈ Z 2 n ×{i}. Let θ i denote the flow of minimal Dirichlet energy among all such current flows and
is the diameter for the resistance metric in the torus Z 2 n . Recalling (2.10), we obtain that
Combined with the standard estimate
, we arrive at
Consider now the current flow θ from x to x obtained by combining θ (x) with the union of all flows {θ i , i ∈ Z h } and the current flow −θ (x ) . The net amount of current reaching sub-graph Z 2 n × {i} is then
, so by (2.10) the flow from x to x via θ is 1+o(1), whereas by (2.8), (2.9) and (2.11), its Dirichlet energy is at most
completing the proof of the upper bound (2.4).
For the lower bound, we let C x and C x be cubes of side-length log log n centered around x and x , respectively. Let G a,n be the graph obtained by identifying ∂C x (also ∂C x ) as a single vertex, as well as identifying {(z, i) : 1 ≤ i ≤ h} as a single vertex for each z ∈ Z 2 n . By Rayleigh monotonicity principle, we see that
In addition, by triangle inequality we see that
where C o is a 2D box of side-length log log n centered around o, and the last equality follows for example from [Din12, Lemma 3.4]. Altogether, this gives the desired lower bound on the effective resistance.
The following lemma is useful in comparing the maxima of two Gaussian processes (see for example [Fer75, Corollary 2.1.3]).
Lemma 2.5 (Sudakov-Fernique). Let A be an arbitrary finite index set and let {X a } a∈A and {Y a } a∈A be two centered Gaussian processes such that
We are now ready to estimate the maximum of the gff on the thin torus.
Proof. By (2.2) and Lemma 2.4, we get that
Hence, the union bound for centered Gaussian variables {η u − η v 0 : u ∈ G n (a)} exceeding r followed by integration over r ≥ 0, yields the stated upper bound. For the lower bound, we employ a comparison argument. Let A be a 2D box of side-length n/(8h), and let {ξ v : v ∈ A} be a gff on A with Dirichlet boundary condition (i.e., ξ| ∂A = 0). Now define mapping g : A → G n (a) by g(v) = (2hv, 0). It is well known that (see, e.g., [LL10, Theorem 4.4.4 and Proposition 4.6.2])
Combined with Lemma 2.4, it yields that for all
. Applying (2.2) and Lemma 2.5, we obtain that
Combined with [BDG01, Theorem 2] which states that E[max u∈A ξ u ] = ( 2/π + o(1)) log n, this yields the desired lower bound on E[max v∈Vn η v ].
As |E n | = 3an 2 log n(1 + o(1)), upon combining Theorem 2.1 and Lemma 2.6, we immediately obtain Theorem 1.1.
Upper bound on mixing time
Letting s = s + we start the lamplighter chain with all lamps off and initial position uniformly chosen in G n (a), run the srw on lamplighter group for s t cov steps and show that for any s > Ψ(φ) and > 0 the total-variation distance between its law and the uniform law goes to zero as n → ∞. To this end, let τ x denote the first hitting time of a point x ∈ G n (a) by the srw on the base graph G n (a), with Γ s := {x ∈ G n (a) : τ x > s t cov } denoting the subset of G n (a) unvisited by the srw up to time s t cov . Then, by [MP12, Lemma 3.1 and Proposition 3.2], it suffices to find an event G measurable on the path of srw on the base graph G n (a) up to time s t cov , such that as n → ∞ (3.1)
where Γ s and G correspond to a second, independent copy of the srw on G n (a).
To this end, we set a 2r-sized 3D sub-lattice in G n (a) and for k = 0, 1, . . . , L, consider additional 2R k -sized 2D sub-lattices of the base of G n (a), denoted A 2D,k . We assume that R 0 ≤ R 0 ≤ R 1 ≤ R 1 ≤ · · · ≤ R L ≤ n are of integer ratios (when relevant). For each such collection of sub-lattices, let A denote the collection of 3D sub-lattice points whose 2D-projections fall for each k = 0, 1, . . . , L in the 2R k -sized sub-squares around some base point y k ∈ A 2D,k , with the relevant sequence of base points for each x ∈ A denoted by y = (y 0 , . . . , y L ) with y k = y k (x). For each 0 ≤ k ≤ L we further denote by A 2D,k the set {y ∈ A 2D,k : y = y k (x) for some x ∈ A}. Note that G n (a) is covered by union of κ := (2r) 3 L k=0 (R k /R k ) 2 such collections A i,j , where i = 1, . . . , (2r) 3 indicates a translate of our 3D-lattice and
(with respect to the sparser 2D-lattice A 2D,k+1 ). Thus, taking G = i,j G i,j for G i,j which are translates of some event G associated with one collection A, by translation invariance of the law of path of srw on torus G n (a) and Hölder's inequality, we see that (3.1) holds provided that for n → ∞, and uniformly with respect to the relative shifts between the 2D sub-lattices that correspond to each choice of j,
Proceeding with the proof of (3.2), we use the short notation A 2D , R, R , R and y(x) for A 2D,0 , R 0 , R 0 , R 0 and y 0 (x), respectively, setting
We further consider the disjoint 3D-annuli between pairs of concentric balls with outer radius r and inner radius r , centered at each x ∈ A and for k = 0, . . . , L, the disjoint cylindrical annuli in G n (a), of height h and based on concentric 2D disks of inner and outer radii R k and R k , respectively, centered at each y k ∈ A 2D,k . For any k, each cylindrical annulus decomposes the path of the srw on G n (a) into R k -excursions, each starting at outer cylinder boundary and run till hitting the inner cylinder boundary (which we call the excursion's external part), then going back till exiting the outer cylinder (called the excursion's internal part). Note that for each k, conditional on their starting and ending points, the internal parts of various R kexcursions of our collection of cylindrical annuli are mutually independent of each other. Further, for all n large enough and any k ≥ 1, each R k−1 -sized cylindrical annulus is strictly inside one of the R k -sized sub-cylinders we consider, so its R k−1 -excursions decompose the internal parts of each of the corresponding R k -excursions. Similarly, for all n large enough, our r-balls are strictly inside one R 0 -sub-cylinder and each of them further decomposes the internal parts of each of the corresponding R 0 -excursions into what we call r-excursions, i.e. start at the ball boundary, run till hitting its r -centered sub-ball (external parts) and then going back till exiting the r-ball. Here again, conditional on their starting and ending points the internal part of the various r-excursions associated with the collection A are independent of each other. Let
which, as shown in the sequel, are the typical excursion counts by time st cov . The next definition summarizes the type of deviations from typical values which are of concern in evaluating t mix .
for the cylindrical annulus centered at y k ), are completed within the first N C (s) R L -excursions for cylindrical annulus centered at y L , and in case z k < 1 require also that the first (z k − η) 2 N C (s) are not completed during these R L -excursions. We similarly say that x ∈ A is of z-type (for z an integer multiple of η), if the first (z −3η) 2 N B (s) relevant r-excursions are completed within the first N C (s) R L -excursions for cylindrical annulus centered at y L (x), and in case z < 1 require also that the first (z − 2η) 2 N B (s) of those r-excursions are not completed during said R L -excursions.
There are only κ o = η −(L+1) possible z-types. Hence, setting κ = κ κ 2 o , G = z G z and Γ s,z := {x ∈ A ∩ Γ s : y(x) of z − type } , we further get from Hölder's inequality that (3.2) holds provided that for any two types z and z , as n → ∞,
Turning hereafter to prove (3.4), we start by defining the relevant truncation events.
Definition 3.2. For each η > 0 and type z, define the event
. . , L − 1, there are at most n 2bρ k (z k )+η points y k ∈ A 2D,k to which corresponds some y 0 ∈ A 2D,0 of z-type. (c) If x ∈ A is such that y 0 (x) is of z-type (cylindrical annuli), then x is also z-type (in terms of r-excursions), for some z ≥ z 0 .
Remark 3.3. In particular, by requirement (a) of Definition 3.2, we can and shall modify Γ s,z to denote the subset of those x ∈ A with y(x) of z-type, which are not visited by the srw during its first N C (s) excursions for cylindrical annulus centered at y L (x). Further, by requirement (b) of Definition 3.2, for all η > 0 small enough this set is empty whenever
Hence, in (3.4) only exponential moments of admissible z-types are to be considered. That is, we may and shall assume when computing these that
We proceed with analysis lemma that is key to the success of our scheme for bounding exponential moments as in (3.4) for admissible z-types and all s > Ψ(φ).
Lemma 3.4. Let Ψ L,η (φ) denote, per given L and η, the minimal value of s ≥ 1, such that if type z is admissible, then for any m = 0, . . . , L,
Then, with Ψ(·) given by the variational problem (1.10), we have that
Proof. Recall that z L = 1 and note that the limit
exists and corresponds to the requirement that γ m (z, 0) ≥ 0 for m = 0, . . . , L and admissible z. Further, setting ∆ k := tL(z k − z k−1 ), for k = 1, . . . , L and t := √ s we have that
yielding that Ψ L (φ) is merely the infimum over all t ≥ 1 such that for m = 0, . . . , L,
with t m (∆) the smallest t ≥ 1 for which (3.8) holds, per given m and ∆. The value of t m (∆) depends only on δ m and (∆ 1
for any δ ∈ [0, 1], ∆ ∈ R and ρ ∈ [0, 1] for which ρL = m is integer valued. Note that (3.10) trivially holds whenever ∆ > 1 and ρ > 0 (whereas for ρ = 0 the value of ∆ is irrelevant). Further, since t ≥ 1 ≥ ρ, δ ≥ 0, if (3.10) holds for ∆ = 0, it also holds for any ∆ < 0. Consequently, suffices to consider (3.10) only for ∆, δ ∈ [0, 1]. Each choice of (∆, δ) in the latter range corresponds to ∆ = (∆, . . . , ∆, δ, . . . , δ) in D, hence we conclude that the right-side of (3.7) equals the minimal s = t 2 ≥ 1 satisfying (3.10) for all δ ∈ [0, 1], ρ ∈ (0, 1] and ∆ ≥ 0. To match this with (1.10) we equivalently set (1 − ρ)δ = t(1 − w) and ρ∆ = t(w − z) with 1 ≥ w ≥ z such that b ρ (w) ≥ 0 for s = t 2 (corresponding to δ ≤ 1). This transforms (3.10), in terms of z and w, to the inequality
Now, by elementary calculus we find that (3.11) α ρ (w) = inf z≤w α(z) + 2s(w − z) 2 ρ (with infimum attained at z := (2/ρ)w/(2/ρ + 1/φ)). Comparing the preceding with (1.10) we thus conclude that (3.7) holds, as claimed.
In view of Lemma 3.4 our strategy for proving the stated upper bound on mixing time is thus to set s = Ψ L,η (φ) + and consider first n → ∞ followed by M → ∞, then η ↓ 0, L → ∞ and finally → 0. In doing so, let us denote by N C y k ,k,j,w , for k < j ≤ L and w ∈ [0, 1] (with N C y := N C y,0,L,1 ), the number of R k -excursions for y k ∈ A 2D,k , completed during the first w 2 N C (s) R j -excursions for the corresponding y j ∈ A 2D,j , and let N C y L ,L stand for the number of latter R L -excursions completed by time s t cov . Similarly, for x ∈ A and z ≥ η, we denote by H x,z the event of not hitting x during the first z 2 N B (s) of the corresponding r-excursions and by N B x,z the number of those r-excursions during the first z 2 N C (s) excursions of the R 0 -cylindrical annulus centered at y(x). With these notations in place, we establish (3.4) as a consequence of the following two lemmas, whose proofs are provided in Sections 5 and 6, respectively. Lemma 3.5. For any fixed s > 1, 1 ≥ z > η > 0, and M ≥ M 0 (η, z) large enough, as n → ∞ we have that both,
Remark 3.7. As will be clear from the proof of Lemma 3.5, the bound (3.12) applies uniformly when we condition on the start and end point for each of the relevant rexcursions. Similarly, (3.13) holds uniformly with respect to position of 0 within the 2R -sized square centered at y(0) and start/end points of the relevant R-excursions. Likewise, (3.15) holds uniformly with respect to start/end points of relevant R j excursions as well as relative position of 0 within the 2R j -sized square centered at y j (0) (with same applying in case of (3.14), just with L instead of j).
Indeed, considering (3.14) and taking the union over the at most (M 3 /2) 2 possible values of y L , clearly requirement (a) in Definition 3.2 is satisfied with probability going to one in n (see, Remark 3.7). Next, for z k < 1, k < L, by Definition 3.1, having y 0 of z-type inside the R k -sized annulus centered at y k ∈ A 2D,k requires that N C y k ,k,L,1 ≤ (z k − η) 2 N C (s). With |A 2D,k | = (n/2R k ) 2 ≤ n 2−2ρ k it follows from (3.15) that the expected number of such points y k is o(n 2bρ k (z k )+η ), hence by Markov's inequality and union over 0 ≤ k < L, we deduce that also requirement (b) of Definition 3.2 holds with probability going to one in n (the case z k = 1 trivially holds by the bound on |A 2D,k |). Similarly, if y 0 (x) is of z-type and x is not of z-type with some z ≥ z 0 , then necessarily N B x,z 0 −2η < (z 0 − 3η) 2 N C (s). Thus, by union over at most n 2 log n points of A, we deduce from (3.13) that requirement (c) of Definition 3.2 also holds with probability going to one in n (where by requirement (b) we know that for all η small enough it suffices to consider here only z 0 ≥ 5η). With κ independent of n, this establishes the first/left part of (3.4).
As we mentioned before, in dealing with the second/right part of (3.4) it suffices to consider only pairs of admissible types, with z 0 ≥ 5η and further by requirement (c) of Definition 3.2, assume that the number of r-excursions of each point x considered is at least (z 0 − 3η) 2 N B (s). Given the position of their starting and ending points, the r-excursions for different choices of x ∈ A are mutually independent and further independent of the random subset Γ z (0) of A 2D,0 . Recall our modification of Γ s,z per Remark 3.3, hence x ∈ A for which the R-sized annulus around y(x) is of z 0 -type for one walk and z 0 -type for the other, is by (3.12) in both Γ s,z and Γ s,z with probability much smaller thanp := n −α(z 0 −4η)−α(z 0 −4η) (utilizing here the independence of the two copies of the srw on G n (a) considered in (3.4). Next, fixing s > Ψ L,η (φ) and admissible types z, z , let Γ z (k) := {y k ∈ A 2D,k for some y of z − type} , for k = 0, . . . , L, with Γ z (k) the same sets for an independent srw on G n (a). In particular, Γ z (0) := {y 0 ∈ A 2D,0 of z − type} , and in view of the uniformity of (3.12) per Remark 3.7, we deduce from the preceding discussion that |Γ s,z ∩ Γ s,z | is stochastically dominated by the sum of J 0 := |Γ z (0) Γ z (0)| i.i.d. Binomial(m,p) random variables, say {ξ }, which are further independent of J 0 , where
The right-side of (3.4) is thus an immediate consequence of (3.16)
and the fact that for all n large enough,
where we have just made use of the bound (1 + u) m ≤ 1 + eum, which is applicable whenever um ∈ [0, 1]. Turning to prove (3.16), let
. . , L − 1, and note that for any k = 0, . . . , L − 1, given their starting and ending points, the inner parts of the R k+1 -excursions for different choices of y k+1 ∈ A 2D,k+1 are independent of each other, and of the random subset Γ z (k + 1). Thus, as in the preceding derivation, the contributions {ξ , = 1, . . . , J k+1 } to J k that correspond to the possible y k+1 ∈ Γ z (k + 1) Γ z (k + 1), are stochastically dominated by mutually independent random variables {ξ }, each having maximal size m k and mean m kpk , which are further independent of J k+1 . Here, m k := n 2(ρ k+1 −ρ k ) = n 2/L bounds the maximal number of points y k ∈ A 2D,k inside a R k+1 -cylinder around y k+1 ∈ A 2D,k+1 , and considering the definition of z, z , and the uniform upper bound of (3.15) in case j = k + 1, w = z j − 2η and z = z k (or w = z j − 2η and z = z k ), we deduce by the independence of the two copies of the srw on G n (a) that
Thus, though each ξ is no longer Binomial (there are dependencies within each R k+1 -cylinder), starting with k = 0, u 0 = h 4p and following same argument as in derivation of (3.17), we have for k = 0, 1, . . . , L − 1 and u k+1 = eu kpk m k , that
by the definition of Ψ L,η (φ) and γ k,η (z) (c.f. (3.6)). Iterating (3.18) over 0 ≤ k ≤ L − 1, we thus find that
, whereas by the preceding, u L → 0 as n → ∞.
Lower bound on mixing time
Fixing s < Ψ(φ), in view of (3.11) and the variational formulation (1.11) of Ψ(φ), there exist ρ, δ and w > z > (1 + w/ρ)δ, all in (0, 1], such that (4.1) b ρ (w − δ) ≥ 2δ and α(z + 3δ) + 2s(w − z + δ) 2 ρ − δ ≤ ρ − 5δ .
Next, fixing > 0 let s = (1 − )s and Q s denote the law of the srw on the lamplighter group at time s t cov , starting from all lamps off, with Q ∞ the uniform law over the set of 2 V possible lamp configurations. To take advantage of results of [DPRZ06] for the 2D projection of the srw on G n (a), we consider throughout this section R k = R k+1 = (k! 
where the collection {v i } forms a maximal 4R m -separated set on the 2D base of G n (a). Clearly, t mix ≥ s t cov if Q s − Q ∞ TV → 1, with cut-off holding (in view of Section 3), should this apply for any s < Ψ(φ) and > 0. To this end, for any v ∈ Z m , let κ n (v) denote the number of points of G n (a) in the R ρm−2 -sized cylinder around v, and G v denote the difference of "off-lamps" minus "on-lamps" among these points. Considering
it then suffices to show that as n → ∞, we have that the left-side of (4.2) holds for any δ > 0. Turning to deal with the right-side of (4.2), note that log n = (3+o(1))m log m and for R/R = R m /R m = m 3 the value of N C (s) of (3.3) is within 1 + o(1) (as n → ∞), of n m (2s) := 6sm 2 log m of [DPRZ06] . Thus, the probability of event A s where n m (2s) exceeds the maximal number of R m -excursions over all n 2 cylindrical annuli centered at some x on the 2D base of G n (a), which are made by the srw on G n (a) up to time s t cov , approach one as n → ∞ (this follows from [DPRZ06, Equation (3.18)], the union bound and standard exponential tail bounds on the number of actual steps taken by a lazy srw). Next, with U v denoting the number of unvisited points within the relevant R ρm−2 -sized cylinder in G n (a), during the first n m (2s) excursions by the srw of the corresponding R m -sized cylinder, we claim that the right-side of (4.2) holds as soon as
is bounded above by P[A c s ] plus the probability of the complement of the event in (4.4) and
Since conditional on the path of the srw on G n (a) the variables {I v,j , j / ∈ U v } retain under Q s their symmetric i.i.d. ±1-valued law, the sum in (4.5) is small by the uniform tail bound of (4.3), so it suffices to prove that (4.4) holds. To this end, let N v m,k denote the number of R k -excursions during the first n m (2s) excursions by the srw of the corresponding R m -cylinder centered at v. Then, considering [DPRZ06, Equation (10.3)] for β = ρ and γβ = w − δ (which results with 3)] we have that with probability approaching one as n → ∞, there exists an (m, β)-pre-qualified v ∈ Z m , which in particular has less than w 2 n m (2s) excursions of the R ρm -sized cylindrical annulus around it, completed during the first n m (2s) of the corresponding R m -excursions. Thus, ordering the points of Z m in some non-random fashion, we select the first v ∈ Z m with less than w 2 n m (2s) excursions of R ρm -sized cylindrical annulus around it within first n m (2s) excursions of corresponding R m -sized annulus. Now, since by definition, points in Z m are 4R ρm+4 -separated and the R m -sized cylindrical annulus around each is of distance R m−1 ≥ R ρm from any (other) point of Z m , our choice of v is measurable on the σ-algebra generated by the exterior parts of R ρm -excursions of the srw for v . Setting (4.6) λ := 2s (w − z + δ) 2 (ρ − δ) 2 , we proceed to show that conditional on v = v , the event
occurs with probability 1 − o n (1), where U v counts the points y in the maximal set Z δm (v) of 4R δm -separated points in the disc C(v, R ρm−2 ) on the 2D base of G n (a), for which the 2D (projected) srw made no more than z 2 n m (2s) of the corresponding R δm -excursions within its first w 2 n m (2s) completed excursions of the R ρm -sized cylindrical annulus centered at v. To this end, we first apply [DPRZ06, Lemma 2.4] for r = R ρm−2 , R = R ρm−1 , R = R ρm and the event A which is measurable on the interior parts of first w 2 n m (2s) excursions for R ρm -sized cylindrical annulus around v, to deduce that suffices to show that the unconditional probability (for non-random v), is P However, this restriction in [DPR07] is only due to the requirement [DPR07, Equation (6.10)] that any (m, γ)-pre-sluggish point should be with very high probability also (m, γ)-sluggish, a requirement we completely abandon here. Once again, note that we can determine which y ∈ Z δm (v) are (m, γ)-pre-sluggish, based only on the exterior parts of all relevant R δm -excursions, so in particular, with probability 1 − o n (1) the variable U v stochastically dominates the sum of n (2−λ)(ρ−δ)−δ i.i.d. Bernoulli(q n ) variables, where q n is the minimal probability (over the location of the excursions end points), that x = (y, 0) is not visited by the srw on G n (a) during its first z 2 n m (2s) excursions of the R δm -sized cylinder centered at x. Recall that n m (2s) is within factor 1 + o(1) of the value of N C (s) for R δm = (δm) 3 R δm . Hence, by (3.15) for some M large enough, as n → ∞ the probability of having at least (z + δ) 2 N C (s) of the R 0 -excursions during the first z 2 n m (2s) of the corresponding R δm -excursions, is bounded away from one. In view of Lemma 3.5 this implies that n α(z+3δ) q n → ∞.
Finally, it follows from (4.1) and (4.6) that
hence by the clt (for Binomial random variables), we conclude from the preceding discussion that (4.4) holds.
5. Proof of Lemma 3.5: 3D-like tail probabilities
Evaluation of typical values. Recall the typical excursion counts
and N B (s) := 4sr a log n , by time st cov , as in (3.3), setting R = M R , R = M R and R = h integer valued, unless explicitly specified otherwise.
That is, the number of R k -excursions for such y, completed during the first N C (s) of the R L -excursions for the corresponding y L ∈ A 2D,L , with N C y,L (s) denoting the number of latter R L -excursions completed by time st cov . Then, for any δ > 0, some
Proof of Proposition 5.1. Note that N C y,L (s) counts the number of excursions between concentric 2D-disks of radii R L and R L by the projected srw on Z 2 n during its first 4s π n 2 (log n) 2 (1 + o(1)) steps [DPRZ04] . (The factor 2/3 is due to elimination of all vertical steps of the original srw on G n (a).) Our first assertion, namely (5.1) in case k = L, thus follows from [DPRZ06, Lemma 3.2]. That is, N C y,L (s) is up to leading order given by N C (s). Since R L /R L is independent of n, (5.2) likewise follows from [DPRZ06, Lemma 3.2]. Note that |A 2D,L | does not grow with n. Consequently, this concentration result further implies that N C y,k (s) = N C y,L (s)(1 + o(1)) for 0 ≤ k < L, completing the proof of (5.1). The same argument also gives (5.3).
We consider hereafter R = M R = M 2 R , with both M and R ≥ h large enough integers.
Proposition 5.2. Suppose that x, x ∈ G n (a) with |x−x | ≤ R . Let ζ x z,s be the time that the first z 2 N C (s) excursions from ∂C(x , R ) to ∂C(x , R) have been completed. Then, for any η > 0, all M ≥ M 0 (η) and n ≥ n 0 (η, M ), we have that
The main steps in the proof of Proposition 5.2 are contained in the following sequence of lemmas.
Lemma 5.3. Fix R ∈ N and suppose that f is a positive harmonic function on B(0, R) in Z 3 . For every M ≥ 2, we have that
Likewise, if x ∈ G n (a), R ≤ n/2, and f is a positive harmonic function on C(0, R) in G n (a) then for every M ≥ 2 we have that
Proof. We will first give the proof of (5.4). The Harnack inequality [Law91, Theorem 1.7.2] implies that there exists a constant C 0 > 0 such that
It thus follows from [Law91, Theorem 1.7.1] that there exists a constant C 1 > 0 such that any u, u ∈ B(0, R ) we have
Combining (5.6) with (5.7) gives (5.4). Observe that (5.5) follows from (5.4) because any function which is harmonic on C(x, R) may be lifted to a harmonic function on a cylinder in Z 3 with radius R and periodic boundary conditions.
We let hereafter σ W denote the first exit time of the srw {X k } from a given W ⊂ G n (a), and L s,t (W ) := t k=s+1 1 {X k ∈W } for the srw local time of W between (possibly random) times s ≤ t, using also L t (W ) for L 0,t (W ).
Lemma 5.4. Fix x ∈ G n (a), M ≥ 2, r ≤ h, and let B = B(x, r ). Suppose that Z ≥ 0 is a random variable which depends only on
In particular,
Proof. Fix u ∈ B and w ∈ ∂W . Then we have that
By Bayes' rule, we can write
By the strong Markov property, the ratio on the right hand side of (5.9) is bounded from above by (5.10) max
2 ) is harmonic, by Lemma 5.3 the expression in (5.10) is in turn equal to 1 + O(M −1 ). Combining this with (5.8) and using that Z ≥ 0 implies the desired result.
Lemma 5.5. Suppose that x, x , y, z ∈ G n (a) with |x − x | ≤ R , y ∈ ∂B with B = B(x, r ), and w ∈ ∂C with C = C(x , R). Let Z be the number of excursions that X| [0,σ C ] makes from ∂B to ∂B with B = B(x, r). Fix w ∈ ∂C. There exists a constant c 1 > 0 depending on r > 0 but neither on M nor w, such that the law of Z conditional on {X σ C = w} is stochastically dominated by 1 + Y , for Y a Geometric random variable with parameter c 1 /M . In particular, we have that
uniformly in y and w. Moreover, for each z ∈ ∂B(x, h) we have that
uniformly in z and w.
Proof. Suppose that u ∈ ∂B. For each j, we let
. We first claim that there exists a constant C 1 > 0 such that
Indeed, Lemma 5.4 implies that it suffices to prove that there exists a constant 
We next claim there exists a constant C 3 (M ) > 0 that for all u ∈ A M we have that
Indeed, by Bayes' rule we can rewrite the above as
By [Law91, Exercise 1.6.8], the final factor is of order C 3 (M )/ log log n, so to complete the proof of (5.15) it suffices to show that the ratio above is bounded. Applying the strong Markov property for the first time that X hits ∂B(x, 
is bounded. This follows from [Law91, Theorem 1.7.2] since u → P u [X σ C = w] is harmonic. Combining (5.13), (5.14), and (5.15) yields the claim regarding the law of Z. This, in turn, implies (5.11). A similar argument gives (5.12).
Lemma 5.6. Suppose x, x ∈ G n (a) with |x − x | ≤ R . Let C = C(x , R), C = C(x , R ) and G w (y, x) denoting the Green function for X stopped upon hitting ∂C conditioned on exiting C at a given w ∈ ∂C. Then, for any y ∈ C \ C and α < 2
Proof. Let τ x be the first time that X hits x, and let τ + x be the first positive hitting time. By the strong Markov property of X at time τ + x , we have
i.e., the events {X σ C = w} and {τ + x ≤ σ C } are independent. Thus , x) , where G is the (unconditioned) Green kernel for X stopped upon hitting ∂C.
By the strong Markov property for X conditioned on {X σ C = w}, we have that
By Bayes' rule, we can write the first factor on the right side as
Since G(y, x) = P y [τ x ≤ σ C ]G(x, x), combining the above we see that
is harmonic, by Lemma 5.3 we arrive at
It thus remains only to estimate G(y, x). To this end, let G Z 2 n denote the Green function associated with the projected (unconditioned) random walk in Z 2 n stopped upon exiting the disk of radius R centered at (the projection of) x. Note that the projected random walk has a 1/3 holding probability since this is the probability that the (unprojected) walk moves in the vertical direction. Let W x be those points in G n (a) whose 2D projection is equal to x. Then
Since z → G(y, z) (for y fixed) is harmonic for z = y, Lemma 5.3 implies that
Moreover, [Law91, Proposition 1.6.7] gives us that for every α < 2 we have
(recall the 1/3 laziness). Combining this with (5.18) and (5.19) tells us that for every α < 2 we have
Combining this with (5.17) gives the result.
Lemma 5.7. Fix x, x ∈ G n (a) with |x − x | ≤ R , let C = C(x , R ), C = C(x , R), and B = B(x, r ). For each z ∈ ∂B and w ∈ ∂C , we let
2(r ) 2 → 1 as n → ∞ then r → ∞ and then M → ∞.
Proof. We will first reduce (5.20) to a computation which involves srw in Z 3 . Let σ x h/M be the first time that X leaves B(x,
The latter term is o(1) as n → ∞ and then r → ∞ by (5.12) of Lemma 5.5. By Lemma 5.4, we know that the former term is equal to (
Let X be a random walk in Z 3 and let Z be the amount of time that X spends in B . Using [Law91, Theorem 1.5.4] and that h = Θ(log n) we in turn have that
By [Law91, Theorem 1.5.4], we have
where du denotes Lebesgue measure on R 3 , c 3 := 2/(3π) is given explicitly in [LL10, Theorem 4.3.1, top of page 82], and B(0, 1) = {v ∈ R 3 : |v| < 1} is the unit ball in R 3 ; we note that an additional factor of r appears in the normalization from spatially rescaling. The convergence, moreover, is uniform in the starting point z of X. In particular, this implies that the asymptotic behavior of E z [ Z] does not depend on the specific choice of z ∈ ∂B . Thus to compute the leading order of
for z ∈ ∂B and r large, it suffices to compute the leading order of E z [ Z | Z > 0] as we first take a limit as |z| → ∞ and then r → ∞. Applying [Law91, Theorem 1.5.4] once more along with [Law91, Proposition 1.5.10], we see that
c 3 |z| and P z [ Z > 0] ∼ r |z| as |z| → ∞ and then r → ∞.
Combining gives (5.20).
Lemma 5.8. Fix x, x ∈ G n (a) with |x − x | ≤ R , let C = C(x , R ), C = C(x , R), and B = B(x, r ). Let
Fix z ∈ ∂C and w ∈ ∂C. Then
Then, we have that
We thus arrive at the stated formula for Q w C,B ,z by showing that as n → ∞, then r → ∞ and finally M → ∞, Note that by Lemma 5.6 the Green's function G w (z, x) is approximately constant on points x ∈ C(x, r ) when X starts at z ∈ C . Consequently,
2 log(R/R ) .
Applying Lemma 5.6 a second time implies that E w B ,z /E w C(x,r ),z is in leading order the ratio of the volumes of B and C(x, r ). Further, to leading order the ratio of the volumes in question is 4 3 π(r ) 3 π(r ) 2 h = 4r 3h leading to the stated formula (5.24) for E w B ,z . Finally, note that H
hence (5.25) follows from Lemma 5.7.
Proof of Proposition 5.2. By the strong law of large numbers, suffices to show that the expected number of excursions from ∂B(x, r ) to ∂B(x, r) which occur in one excursion from C(x , R ) to C(x , R) is to leading order given by F C,B (as in (5.23)) uniformly in its initial and terminal points. Combining Lemma 5.5 with Lemma 5.8 thus completes the proof.
Proposition 5.9. Let B = B(x, r ) and B = B(x, r). Fix y ∈ ∂B and z ∈ ∂B. Let 
Proof. Applying Bayes' rule, we first note that
By the strong Markov property and Lemma 5.3, we see that the ratio is equal to
Suppose that X is a srw on Z 3 and let τ x , τ B be the corresponding stopping times. Then
.
By [LL10, Proposition 6.5.1] (the constant c 3 from this proposition is the same as c 3 from [Law91, Theorem 1.5.4]) and using the strong Markov property in the second equality, we have
Combining this with (5.27) yields the stated value of ∆ up to leading order.
5.2.
Tail probabilities for 3D type events. In this section, we will establish tail probabilities for 3D type events, which imply both (3.12) and (3.13). Both estimates will be established in the strong sense of Remark 3.7.
Proposition 5.10. Fix x ∈ G n (a) and let F x be the σ-algebra generated by the entrance and exits points of all of the excursions of X from ∂B(x, r ) to ∂B(x, r).
Let ξ x z,s be the first time that X has completed z 2 N B (s) excursions from ∂B(x, r ) to B(x, r). For every η > 0 such there exists M 0 = M 0 (η) such that for every M ≥ M 0 there exists n 0 = n 0 (η, M ) such that n ≥ n 0 implies
Proof. The inner parts of these excursions are independent of each other given F x . Thus, the conditional probability considered in (5.28) is the product of z 2 N B (s) probabilities. Proposition 5.9 implies that there exists δ = δ(M ) ↓ 0 as M → ∞ such that each of these probabilities is bounded from above by (1 − ∆ + δ) uniformly in the initial and terminal points of the excursion. Note that
The upper bound asserted in the statement of the proposition (and hence the estimate stated in (3.12)) follows since α(z − η) < α(z). The lower bound is proved similarly.
We now turn to establish (3.13). Recall the definition of ζ x z,s as given in Proposition 5.2.
Proposition 5.11. For every η > 0 there exists γ > 0 such that for all n, r ∈ N we have that
Proof. Fix η > 0. We are first going to show that there exists γ = γ(η) > 0 such that for all n, r ∈ N (5.30)
Lemma 5.5 and Lemma 5.8 together imply that there exists δ = δ(M ) ↓ 0 as M → ∞ and n 0 = n 0 (M ) such that for all n ≥ n 0 the following is true. The number of excursions from ∂B(x, r ) to ∂B(x, r) within one excursion from ∂C(x, R ) to ∂C(x, R) is stochastically bounded below by a Bernoulli random variable J of mean p = F C,B (1 − δ) uniformly in the initial and terminal points of the excursion. Thus, the probability considered in (5.30) is bounded above by the probability P that a Binomial(N, p) variable, N = z 2 N C (s), takes at most the value (z − η) 2 N B (s). Let q = 1 − p. An application of the Chernoff bound thus implies that, for each θ > 0, we have 1 N log(P ) ≤ −θ + log(1 − q + qe
Fix θ > 0 sufficiently small so that
Then we have
where γ = θsz 2 /a. In particular, the value of γ > 0 is independent of r . The same argument also gives that, by possibly decreasing γ = γ(η) > 0 we have that
Indeed, the only difference being that we need to replace the i.i.d. copies of Bernoulli J by i.i.d. copies of the product of Bernoulli J of mean F C,B (1 + δ) and 1 + Y for the Geometric random variable Y of success probability c 1 /M as established in Lemma 5.5.
By combining Proposition 5.10 with Proposition 5.11, we obtain the following.
Proposition 5.12. For every η > 0 there exists M 0 = M 0 (η) such that for all M ≥ M 0 there exists n 0 = n 0 (η, M ) such that for all n ≥ n 0 we have −α(z + η) ≤ log P[τ x > ζ z s,x ] log n ≤ −α(z − η) for all n large enough.
Remark 5.13. Equipped with these facts, we have the approximate picture that at time st cov the unvisited subset of srw on G n (a) within the part of A corresponding to each fixed y ∈ A 2D of z-type, is well modeled, even in terms of tail probabilities, as collection of i.i.d. Bernoulli(n −α(z) ) variables, which given types of all points in A 2D , are further mutually independent subsets (across the choice of y).
Proof of Lemma 3.6: 2D excursion counts at various radii
This section is devoted to the proof of (3.15). To this end, recall our notations of R = h, R = M 2 h and for any fixed L ∈ N and k ∈ {0, . . . , L}, having ρ k = k/L and R k = n ρ k R. Fixing w, z and j ∈ {k + 1, . . . , L} we let N C y k ,k,j,w (s) count the number of R k -excursions for y k ∈ A 2D,k completed during the w 2 N C (s) first R j -excursions for the corresponding y j ∈ A 2D,j , with (3.15) stating that for each η ∈ (0, w ∧ z) there exists M 0 = M 0 (η) such that for all M ≥ M 0 and n ≥ n 0 (η, M ) (6.1) log P[N C 0,k,j,w (s) ≤ (z − η) 2 N C (s)] log n + 2s(w − z) 2
Using [DPRZ06, Lemma 2.3] we stochastically dominate N C 0,k,j,w (s) from above and below by comparable variables of a much simpler form and thereby establish (6.1) upon studying the tail behavior of the latter variables. Specifically, fixing 0 ≤ k < j ≤ L, set for each n ∈ N, p k→j (n) := log R k − log R k log R j − log R k and p j→k (n) := log R j − log R j log R j − log R k .
Note that p k→j (n) (resp. p j→k (n)) approximates the probability that the srw X starting from a point in ∂C(0, R k ) (resp. ∂C(0, R j )) hits ∂C(0, R j ) before hitting ∂C(0, R k ) (resp. hits ∂C(0, R k ) before hitting ∂C(0, R j )) [Law91] . Moreover, Proof. For each i, let J i denote the indicator of the event that the ith excursion E i of the srw X from ∂C(0, R j ) to ∂C(0, R j ) hits ∂C(0, R k ). We also let Y i denote the number of returns that the srw X makes to C(0, R k ) from ∂C(0, R k ) before exiting C(0, R j ) during E i . Then,
Let F denote the σ-algebra generated by the entrance and exit points of all excursions {E i } and H denote the σ-algebra generated by F as well as all entrance and exit points of the excursions of X from ∂C(0, R k ) to ∂C(0, Combining (6.4) and (6.5) yields the desired result because the excursions {E i } are conditionally independent given F.
By Lemma 6.1, it suffices to prove the bounds of (6.1) for Z w,s (p, p ) (with p/p j→k (n) → 1 and p /p k→j (n) → 1) in place of N C 0,k,j,w (s). Turning to determine the asymptotics of the corresponding probabilities, set Λ p,p (θ) := log E[e −θJ 1 (1+Y 1 ) ] = log 1 − p + pp e θ − 1 + p for θ ≥ 0, Thus, in view of (6.6), considering p = p n → 0 yields the upper bound in (6.11).
For the lower bound we use a change of measure analogous to the proof of the lower bound in Cramer's theorem (see [DZ10, Theorem 2.2.3]). Specifically, fixing p ∈ (0, 1) and δ > 0 small (we eventually send δ → 0), set θ = θ p ≥ 0 be the unique value such that Λ p,κp (θ p ) = −(z − δ) 2 /w 2 and probability measure P θ given by dP θ dP = exp − θZ w,s (p, κp) − w 2 N C (s)Λ p,κp (θ) . The stated lower bound follows by considering δ → 0 (so η → 0 as well).
Considering event

